BINARY MARKET MODELS WITH MEMORY 



AKIHIKO INOUE, YUMIHARU NAKANO AND VO ANH 

Abstract. We construct a binary market model with memory that approxi- 
mates a continuous-time market model driven by a Gaussian process equivalent 
to Brownian motion. We give a sufficient conditions for the binary market to 
be arbitrage-free. In a case when arbitrage opportunities exist, we present the 
rate at which the arbitrage probability tends to zero as the number of periods 
goes to infinity. 



1. Introduction 

Let T G (0,00). We consider the stock price process (<S't)o<t<T that is governed 
by the stochastic differential equation 

(1.1) dSt = St{bdt + adYt) [0 < t < T), 

where a and the initial value Sq are positive constants, and 6 G R. In the classical 
Black-Scholes model, Brownian motion is used as the driving noise process Y, and 
the resulting price process S becomes Markovian. In E] , the following Gaussian 
process (Yt)o<t<T with stationary increments is used instead as the driving noise 
process Y in (|l.l|l : 

(1.2) Yt^Bt^J^y pe-'^'^+P'>^'-^^dBujds (0 < i < T), 

where p and q are real constants such that 

< g < 00, —q<p< 00, 

and (i3f)fgR is a one-dimensional Brownian motion defined on a probability space 
(n, T ^ P) satisfying Bq — 0. The parameters p and q describe the memory of Y, and 
the resulting stock price process S becomes non-Markovian. An empirical study 
on S&P 500 data in j2j shows that the model captures very well the memory effect 
when the market is stable. 

It should be noticed that (|1.2|l is not a semimartingale representation of Y with 
respect to the P-augmentation {Tt)o<t<T of the filtration generated by {Yt)o<t<T 
since {Bt) is not (J^t)-adapted. However, by innovation theory as described in 
Liptser and Shiryayev ^J, we can show that Y is actually an (^t)-semimartingale 
(m Theorem 3.1]). In fact, using the prediction theory for Y which is developed in 
[21 , we see Theorem 2.1]) that there exists a one-dimensional Brownian motion 
{Wt)Q<t<T , called the innovation process, satisfying 

a{Ws : < s < t) = a{Ys : < s < t) (0 < i < T), 
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and 



(1.3) Yt = Wt- S^J^ lis,u)dwjjds {te[0,T]), 
where l(t, s) is a Volterra kernel given explicitly by 

(1.4) (0<.<t<T). 

Thus the process Y has the virtue that it possesses the property of a stationary 
increments process with memory and the simple semimartingale representation (|1.3|l 
with (|1.4|) simultaneously. We know of no other process with this kind of properties. 
The two properties of Y become a great advantage, for example, in its parameter 
estimation (see [3 Section 5]). 

Several authors use fractional Brownian motion as the driving noise process 
(see, e.g., Comte and Renault 0, Rogers P2j, and WiUinger et al. ^3). However 
this approach is not entirely satisfactory since fractional Brownian motion is not 
a semimartingale (Lin 10 and Rogers Jlj), whence there exists no equivalent 
martingale measure in the corresponding market. On the other hand, the market 
defined by Hl.l(l with H1.2() or (|1.3|l and (|1.4|l is arbitrage-free and complete since 
the process Y becomes a Brownian motion under a suitable probability measure 
(see PI Section 3]). Moreover, for this model, we can obtain explicit results such as 
the solution to the expected logarithmic utility maximization from terminal wealth 
(see0). 

As is well known, binary approximation of the Black-Scholes model plays a very 
important role for the model in many ways. Sottinen jl3| constructed a binary 
market model that approximates the market driven by fractional Brownian motion, 
and investigated the arbitrage opportunities in the binary model. 

In this paper, we construct a binary market model with memory that approx- 
imates the continuous-time market model driven by Y in H1.3|l . However, rather 
than considering the special kernel l{t, s) in (|1.4(l . we take a general bounded mea- 
surable Volterra kernel l{t,s). Since l{t,s) given by H1.4|l is bounded, the results 
thus obtained apply to the special case l|1.4|l . We remark that any centered Gauss- 
ian process Y = {Yt)o<ct<T that is equivalent to a Brownian motion has a canonical 
representation of the form (|1.3|l with l{t, s) satisfying square integrability (see Hida 
and Hitsuda Chapter VI]). Thus, in this paper, we consider a subclass consisting 
of Y for which l{t,s) is bounded. As in 13 , the key feature to the construction 
of the approximating binary market is to prove a Donsker-type theorem for the 
process Y (Theorem 12. If) . 

Unlike the market driven by fractional Brownian motion, the market driven by 
Y in (|1.3() is arbitrage- free (see, e.g., the proof of Theorem 3.3]). However, 
the approximating binary market may admit arbitrage opportunities. We consider 
conditions for their existence or non-existence. We also study the rate at which the 
aribtrage probability tends to zero as the number of periods goes to infinity. 

This paper is organized as follows. In Section 2, we prove a Donsker-type theorem 
for the driving process Y in (|1.3() with bounded kernel l{t,s). In Section 3, we 
consider a discrete-time approximation of the stock price process S in p.l|l . As a 
special case, we obtain the desired approximating binary model. In Section 4, we 
study arbitrage opportunities in the binary model. 
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2. A DONSKER-TYPE THEOREM 

Let T E (0,00). In what follows, we write C = Ct for positive constants, 
depending on T, which may not be necessarily equal to each other. Let n be a 
positive integer. In Sections 2 and 3, we write 

s<t s<t 

Let l{t,s) be a bounded measurable function on [0,T] x [0, T] that vanishes 
whenever s > t. Let W — (W^t)o<t<T be a one-dimensional Brownian motion on a 
probability space {n,J^,P). We define the process Y = (Ff)o<t<T by H1.3|l . 

We put, for t,uE [0,T], 

z[t,u) := I l{s,u)ds, y{t,u) :— 1 — z(t,u). 

J u 

Then both z{t,u) and y{t,u) are bounded and continuous on [0,T] x [0,r], and 
it holds that Yt — J* y{t,u)dWu for < i < T. Let C be a positive constant 
satisfying, for (<i,u), {t2,u) S [0,T] x [0,r], 

(2.1) \z{h,u) ~ z{t2,u)\ = \y{h,u) - y{t2,u)\ < C\t, - isl- 

Let {£,i}°Zi be a sequence of i.i.d. random variables with E[(_i] = and = 
1. We also assume that 

(2.2) i?[(a)1 < ^. 
We define the process — (VFt^"^)o<t<T by 

LritJ 



= 4E^^ (0<^<T), 



/n 

i=l 



where [x\ denotes the greatest integer not exceeding x. The process VF^") converges 
weakly to W in the Skorohod space by Donsker's theorem (see, e.g., Billingsley ^ 
Theorem 16.1]). We define the process F^"^ = (5^/"^)o<t<T by 

y/") - f y(i^, s)dW/W (0 < t < T). 
"'0 

Then it follows that 

L"tJ 

^ i—l 

Here is the Donsker-type theorem for Y . 

Theorem 2.1. The process converges weakly to Y as n 00. 

Proof. We first show that the finite-dimensional distributions of F*^"^ converge to 
those of F as n ^ cx). Thus, for ai, . . . , G R and ti, . . . , G [0, T], we show 
that X^") converges to a normal distribution with variance Var(X), where X^") := 
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J2k=i o-kY^k^ and X := J2k=i o-kYt^. We have 

d Ln(*)cAti)J 



where t A s := min(t, s). The function {ti,t2,u) i— > y{ti,u)y{t2,u) is continuous, 
whence uniformly continuous, on the compact set [0,r]^. From this and the fact 
that < t — {lnt\/n) < 1/n, we see that 



(2.3) Hm Var(X 



in)) 



E 

k,l=l 



akai 



tkMi 



y{tk,s)y{ti,s)ds = Var(X). 



We may assume Var(X) > 0. For, otherwise, H2.3(l impHes that X^") converges 
to X = in law. We put 6^ ^ := Y.t=i ^kvi^, ^) and xf"^ := n^^/^^f^C* for 
n,i ^ 1,2,.... Then we have = J2\ZV ^i"^ for n = 1, 2, . . . . We need to 

show the following Lindeberg's condition: for every e > 0, 



LnTJ 



(2.4) 



0, 



where cr'^") := ^Var(X(")). Choose a positive constant M satisfying < M 

for n,i = 1,2, . . .. Then since < Mn-i/2|^i|, we have 



LnTJ 



LnTJ 



|X<"'|>£0-(")} 



LnTJ 



i/2«,|>eo-(")} 



|>Af-i<T(")y?r}] < M'^TE [(Cl)^l{|4i|>M-ia(")y7r}] 



We obtain H2.4|l from this. By l|2.4|l and (|2.3|l . we can apply the central limit 
theorem (cf. W, Theorem 7.2]), so that X^"-' converges to X in law, as desired. 
Next we show that, for Q<ti<t<t2<T and ri = 1, 2, . . . , 



(2.5) 



E 



(n) T^(")|2|v(") v-(")|2 



Y^TV\Y,\ 



Yrv <c\t2-h\^ 



The theorem follows from this and jHI Theorem 15.6]. However, if t2—ti < 1/n, then 
either ti and t oi t and to lie in the same subinterval \—, si+l) for some m, whence 
the left hand side of (|2.5|l is zero. Therefore we may assume that t2 — ti > 1/n. 
We show that 

(2.6) E - ri")!"*] < c|i- sp 

for t, s and n satisfying 

(2.7) 0<s<i<r, t-s>i. 



This implies (|2.5|l under the condition <2 ^ > l/^i since 



E 



(") v(^)l2w(n) y(n)|2 



r{n) y(n)|4 



1/2 



< c\t - tiWh - 1\ <c\t2-h\^ 

For distinct i, j, k and ^, we have 

Hence, for t, s and n satisfying H2.7|l . i?[|y/"'' — is equal to 

4" 



1/2 



1=1 



l<i<j< [nij 

= (/i + /2)£;[(ei)1 + 6(Ji + J2 + J3)i;[(ei)']', 



where 



[n.sj 



L»*J 

i— \ ns\ +1 



and 



(ij)eAi 



J3 := 71' 



(ij)eA2 
(jj)eA3 



with 



Ai 
A2 
A2 



= {(i,i) 



1 < i < [nsj , [nsj < j < L'^iJ}, 
\ns\ < i < j < lnt\ }. 



By we have 

[ntj - [nsJ < - ns + 1 = n(t - s + i) < 2n(t - s), 

so that 

#Al<Cr^^ #A2 < Cn2(t-s), #A3 < Cn2(i - s)^ 
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Therefore, using (|2.1|l . we obtain, for t, s and n satisfying (|2.7|l . 

< Cn^2 .n.(t~s)^^ Cn-^t - s)'^ < C{t - sf < C{t - sf, 

\h\ < Cn-^ ■ n{t - s) = Cn-\t - s) < C{t - sf, 

\Ji \ < Cn-^ -n^ -{t- sf ^ C{t - sf < C{t - sf, 

I J2I < . n^[t - s) ■ {t - sf = C{t - sf < C{t ~ sf, 

I J3I < Cn~^ • n'^it - sf = C{t - sf. 
Thus follows. □ 

Denote by AX and [X] the jump and quadratic variation processes of a process 
X, respectively, i.e., 

AXt :=Xt-limX„ ^ (AX,)' . 



8<t 



Theorem 2.2. The process AK^") converges to zero in probability, while [y^")] 
converges to the deterministic process {t)Q<ct<T in probability. 



Proof. From with |[T7|) . we have 



E 



(Ay/"V 



< E 



so that, as n — > 00, 



E 



sup (AFt 

0<t<T 



(n)\4 



(n)\4 



t<T 



Thus Ar(") converges to zero in probability. 



We put Z^''^ /q ^(■^,s)dW^r^ for < i < T. Then we have F/"^ = 



^^(„) whence 



[y(")]t = - 2^(AW^i"))(AZi")) + 



Since z{u,u) = 0, we have 

LntJ-l 



From this and lEU, E[{/^z'f''^f] is at most 

[ntj -1 



E 



Since [Z(")]t is increasing, we see that 



(2.8) E 



sup [Z^% 

,0<t<T 



E 



[Z 



in)] 



(")\2 



t<T 



c c 

< uT— = -. 

n-^ n 



Thus converges to zero in probability. 
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We have 



[nt\ 



[nt] 
i=l 



Let e > 0. Then, from H2.2|l and Kolmogorov's inequahty (see, e.g, Wilhams 
Section 14.6]), we see that 



sup — 

o<t<T n 

[nTl 



^ — ^i—i 



> e ) = P I sup 

,0<t<T 



^ ^4 — 1 



> ne 



^ i E ^ M - 1)^] < m ~ If] - (n ^ oo). 



From this and the fact that < t — {[nt\/n) < l/n, we see that [VK*^"^] converges 
to the deterministic process (t) in probability. 
By Schwarz's inequality, we have 

I ^ — ^ s<t 

whence, by l|2.8ll . 



E 



< E 



sup E < (AW^i"^)(A^i"^) 

1/2 



0<t<T 



s<t 
1/2 



< E 



[W 



(„)ll/2[^(„)]l/2 



Thus the process (^^.<;j(Awi"'')(Azi"'')) also converges to zero in probability. 
Combining, we see that [F^")] converges to (t) in probability. □ 

3. Approximating binary market 

Let T e (0, oo) and let Y be as defined in Section[21 We consider the stock price 
process S that is governed by the following more general stochastic differential 
equaltion than 

dSt = St{b{t)dt + adYt} (0 < t < T), 

where a and the initial value S'o are positive constants, and b{-) is a deterministic 
continuous function on [0,T]. The solution S is given by 

St := S'o exp \^aYt + h{s)ds - ifx^tj (0 < i < T). 

For n = 1, 2, . . . , we consider the process S*-"' — isl.^^^)o<t<T defined by 

{0<t< T), 



s<t ^ 



where F^") is as in Section 2. The aim of this section is to prove that 5^"^ converges 
weakly to the process S. 

As in [HI (10) and (11)], we put 



{|AFi"'|>i<T-i}- 



s<t 



s<t 



Then we have 






(3.1) 






(3.2) 




|, = 5](Ari"))2i 

s<t 


(3.3) 


[y(2.«)- 


|, = ^(Ayi"))2i 


(3.4) 







{|Ayi"'|<5ff"^}' 



{|Ayi"'|>i<T-i}' 



Lemma 3.1. The process converges to zero in probability, whence [y^^'")] 

converges to the deterministic process (t) in probability. The process con- 
verges to zero in probability, whence K^^'") converges weakly to Y . 

Proof. Let e > 0. Then, by we have 

P ( sup > < P f sup >o)^p( sup |Ar/"^| > ^a'^ 



0<t<T 



Since the process AY^^^ converges to zero in probabihty by Theorem [O [r(2^")] 

converges to zero in probabihty. Therefore, by Theorem 12.21 and H3.4|l . [F^^^")] 
converges to zero in probabihty. 
In the same way, since 

P ( sup >e)<p( sup |Ar/")| > ia-i) , 

\0<t<T / \0<t<T j 

it follows from Theorem 12.21 that F^^'") converges to zero in probability. Therefore, 
by Theorem 1^ H3.1|l and gl Theorem 4.1], converges weakly to Y . □ 

Theorem 3.2. The process 5^"^ converges weakly to S . 

Proof. Write S*}"^ = 5^ '"^S'f where 

^(1,") := [] |l + aAr/i'") + 

s<t ^ ■' 

s<t 

and the processes are as above. We claim the following: (i) 5^^'"' converges 

weakly to S; (ii) 5'^^'"^ converges to one in probability. 

By ^ Problem 1, Page 28], the claim (ii) implies that S'(i'")(S'(2'")-l) converges 
to zero in probability. Since 

we see from (i) and ||4l Theorem 4.1] that S"*^"^ converges weakly to S, as desired. 
We first prove (ii). Let e > 0. Then 

(2,n) ^ A ^ p ( „„„ IAV(")| ^ 1^-1 



P sup \Sr '-M>^]<P[ sup \AYt'">\>^a- 

\0<t<T J \0<t<T 

Since the process AF^") converges to zero in probability by Theorem 12.21 S''-^'"') 
converges to one in probability. Thus (ii) follows. Next we prove (i). Since the 
exponential is a continuous functional in the Skorohod topology, it is enough to 



prove that log S'^^^"' converges weakly to the process {(jYt + b{s)ds~'^cr^t). Notice 
that |crAy/^'"^| + < I for sufficiently large n and i e [0,T], whence the 

logarithm log S''^"'^^"-' is well defined for such n. 
We have 

\og{l + x) ^ X ~ ^x'^ + r{x)x^ (|x| < 1), 
where r(x) is a bounded function on |x| < |. Hence 



s<t 



where 



We have = n'^ 6(^)2 + 2ar['''^ + a'[Y^^'%, where 

Since &(•) is bounded, the first term n^"^ Yl, s<t^O^^)'^ S*^^^ to as n ^ oo. By 
Lemma [3. II the third term (t^[F(^'")] converges to (cr^t) in probability. As for the 
second term, it holds that 



sup 

0<t<T 



p(") 
^ t 



< Csup|ArJi'")| <c< I Ay; 



(«)i 



Since AF^") converges to zero in probability by Theorem 12.21 so does F^"^. Thus 
the process ($t) converges to (cr^i). Since 



sup ^t<c{- + sup lAyJi'")! ) $T, 

<t<T V"- s<T J 



0<t<T 

we see that the process (4'f) converges to zero in probability. Using these fact as 
well as Lemma [3. II and 0] Theorem 4.1], we see that log 5*^^'"^ converges weakly to 
{crYt+ J^b{s)ds- ^aH). □ 

If we take the i.i.d. random variables so that 

(3.5) p(a = 1) = p(a = -1) = 1/2, 

then we obtain the desired approximating binary market model. 
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4. Arbitrage opportunities in the binary market 

In this section, we study the arbitrage opportunities in the approximating binary 
market model with memory constructed in Section |31 For simphcity, we assume 
that the function b{-) is a real constant as in Hl.l|l . 

Let TV S N, r, 5 S R, and cr £ (0,oo). The number N corresponds to n in 
Sections El and 13 Let the function y{t,u) be as in Section[21 We define 

' iV' ' N' 

The [NT\ -period market Ai ^^"^ consists of a share of the money market with price 

process (-Bn^^)n=o,i,...,LAfTj a-iid a stock with price process (5'4^-')„=o,i,...,[ArTj ■ The 
prices are governed respectively by 

5W^5W(1 + 6W+XW) (n=l,...,L^Tj), 5^ = 
where 5o is a positive constant, 

n 

and {^i} are i.i.d. random variables satisfying H3.5() . Theorem 13.21 implies that the 
binary market model Al^^) approximates the continuous-time market model with 
bond price process (e''*) and stock price process S in 

Given the values of ^i, . . . ,^n_i, the random variable xl^^ takes the following 
two possible values u„ and d„: rfi = —a /\fN ^ ui — a/^/N, and for n ~ 2, . . . , N , 



It — J. 



2—1 



We investigate the arbitrage opportunities in Al^^^. Let C be a positive constant 
satisfying 

(4.1) \y{t,u)-yis,u)\<C\t-.3\ {0<t,s,u<T). 

Theorem 4.1. Suppose that T < 1/C . Then there exists an integer Nq such that 
for each N > Nq, the market Ad^-^"^ is arbitrage-free. 

Proof. From the condition TC < 1, we have an integer Nq satisfying 

(4.2) A_^(rC+l)>-l, \r-b\<VN{l-TC)a {N > No). 

Jv V Jv 



By gJl, we have, for n = 1, . . . , [NT\ , 



n-1 

>-^(^C + l)>-^iTC + l). 

10 



This and g2J) yield, for TV > TVq and n = 1, . . . , [NT\ , 

6W+XW>A+ min d„(0 > -1, 

whence Sn > 0- 

We show that A^^^^ is arbitrage- free for N > Nq. By Dzhaparidze [HJ Proposi- 
tion 6.1.2], A^(^) is free from arbitrage opportunities if and only if 

(4.3) d„ < r(~) - < u„ (n = 1, . . . , [A^TJ ). 

However, we have 

~ Vn\ n J - ^/n 

and 

n-l 

min^_^«„(e)=-^^|y(^,^)-2/(^,^)' ' " 



Thus, by (1121), holds for iV > iVo. □ 

By Theorem 14.11 the market M''^^ is arbitrage- free for T small enough and 
N large enough. However, in general, the market A^(^) may admit arbitrage 
opportunities, as we see below. 

Suppose that there exists a positive constant C such that l{s,u) > C for < 
u < s <T. Let T > 1/C. We assume that r <b. Then, d^NT] (-1, • ■ ■ , -1) is 

lATTI-l L^TJ 

u„ . ^ CilNT\-l) 



Since TC > 1, it follows that d^^T] (^Ij ■ • • j ^1) > — b^f or 

'S'[A'TJ > (1 + ''Ar)'5'[ArTJ-l 

for N large enough. Therefore, if the value of (^i, . . . ,C[jvtJ-i) turns out to be 
(—1, . . . , —1), then we have an arbitrage opportunity: we may buy stocks at time 
INT\ — 1 using money obtained by shortselling bonds. In a similar fashion, we can 
show that if r > 1/C, r < b and N is large enough, then the value (1, . . . , 1) of 
(Cij • ■ ■ jS,iNT\~i) gives an arbitrage opportunity. 
Put 



Pn = P 



(u;:r{''..<^"-""'<»..r)^ 



As we see in the proof of Theorem 14.11 the binary market A^^^^ is arbitrage- free 
if and only if Pat = 0. The next theorem gives the rate at which the arbitrage 
probability Pn tends to zero as — > oo. 
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Theorem 4.2. There exists a positive constant C = such that, for each a € 
(0, 1), we have N{a) G N satisfying 

Pn<^ {N> N{a)). 

Proof. Set /? (a + l)/2, and choose N{a) e N so large that 

(4.4) Nf^/^CVr <y/N -\{r~b)/<T\, TV''/^ > 4 {N > N{a)). 

Then we have di < r(^) - < ui. For iV > N{a) and n 2, . . . , [TVTJ , we put 
A := N^/^ and 

1 1/2 



Sn-l : = 



Em 
i ^,,0 , i=l 



where r,, := ^) - , -L)} for i = 1, 2, . . . . By glj, we have 

s„_i < C\/T. This and imply that 



P 



r-b 
N 



< d„, < P 



r — b 



^/N < Mn-l ] < PiMn-1 > XCVT) 



Similarly we have 



Since tA > 1 and 



< P(M„_i > XSn-l). 

< P(M„-i > As„_i). 



P u„ < 



r — b 



N 



max \r,,\ = max |V^{2/(f , ^) - y( V"' ^ 

it follows from 4, (12.16), Page 89] that 

P(A/„_i > As„_i) < ^ 

for some constant Co > independent of N and ti (notice that rji here corresponds 
to £,i in 4, (12.16), Page 89]). Hence, Pat is at most 

[NT] 



r ~ b 
N 



71=2 

Thus the theorem follows. 



< d„ + P u„ < 



r — b 
N 



^ 2lNT\Co ^ 2TCo 



TV" 



□ 
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